Abstract. Kim and Park investigated the distribution of zeros around the unit circle of real self-reciprocal polynomials of even degrees with five terms, where the absolute value of middle coefficient equals the sum of all other coefficients. In this paper, we extend some of their results to the same kinds of polynomials with arbitrary many nonzero terms.
Introduction and statement of results
It what follows, U denotes the unit circle and n is a positive integer. All polynomials in this paper will be assumed to have real coefficients. A polynomial P (z) of degree n is said to be self-inversive if it satisfies P (z) = ±z n P (1/z). In particular, if P (z) = z n P (1/z), P (z) is called self-reciprocal. Thus the zeros of a self-reciprocal polynomial either lie on U or occur in pairs conjugate to U . Since the class of self-inversive polynomials of degree n includes polynomials of degree n which have all their zeros on U , it is interesting to mention the condition for a self-reciprocal polynomial having all its zeros on U . There have been a number of literatures (see [1] - [2] and [4] - [12] ) about the distribution of zeros of self-reciprocal polynomials.
The simple self-reciprocal polynomials
have all their zeros on U . This indicates that zeros of self-reciprocal polynomials (where the absolute value of the middle coefficient equals the sum of all other coefficients) may behave similarly. With this motivation, Kim and Park [5] investigated the distribution of zeros around U of such self-reciprocal polynomials of even degrees with five terms. Our purpose in this paper is to extend some of their results to polynomials with arbitrary many nonzero terms. For m a positive integer, we consider self-reciprocal polynomials
where the absolute value of middle coefficient equals the sum of all other coefficients, that is,
In addition, we assume that the coefficients strictly between the leading and the middle term have the same signs. More specifically, we investigate the distribution of zeros of
These four types of polynomials generalize the polynomials studied in [5] in the case when the coefficients strictly between the leading and the middle term have the same signs. Firstly, we may check that all zeros of P (z) in cases (C) and (D) lie on U . This is an easy consequence of Theorem 1 of [8] which is the following.
holds, then all zeros of P (z) are on U .
In fact, one can reformulate the coefficient condition (1) as
and in cases (C) and (D)
Thus
is exactly the condition (2) with equality. Hence we only need to prove cases (A) and (B). In fact, we will prove Theorem 2 below in Section 2. 
Proof
Proof of Theorem 2. Firstly, we prove (a) and the case (A) of (c). We may assume that a m > 0 because P (z) is the zero polynomial when a m = 0. For ϵ > 0, we define the polynomial
It follows from the triangle inequality and from the positivity of a m that, for |z| = 1,
Thus P ϵ (z) does not have a zero on U , and so P ϵ (z) has exactly m zeros strictly inside U , say α 1 , . . . , α m . Assume on the contrary to (a) that P has at least one zero on U . Then for at least one j we have
and P (z j ) = 0. Since P (z j ) = 0, we have
a k e ikθj = 0 and thus
Since all terms of the above sum are nonnegative, they must be zero. 
Since the d/2-th roots of −1 are contained in the d-th roots of unity, P (z) has zeros on U , and it has exactly d/2 zeros on U without counting multiplicities. Such zeros are the d/2-th roots of −1. Next we prove (b) and the case (B) of (c) even though the proofs for these are very similar to the above. For ϵ > 0, we define the polynomial
It follows from the triangle inequality and from the negativeness of a m that, for |z| = 1,
Thus P ϵ,1 (z) does not have a zero on U , and so P ϵ,1 (z) has exactly m zeros strictly inside U , say β 1 , . . . , β m . Suppose that P has at least one zero on U . Then for at least one j we have
and P (w j ) = 0. Since P (w j ) = 0, we have
We follow the process to get (3) in the proof of (a) so that we obtain 
